Let M be a point set, C1 and C2 mutually exclusive closed subsets of M, and K a connected subset of M such that (1) K contains no points of the set C1 + C2 and (2) both C1 and C2 contain limit points of K. Then K, together with its limit points in C1 + C2, will be caUed a set K(C1,C2)M.
Let M be a point set, C1 and C2 mutually exclusive closed subsets of M, and K a connected subset of M such that (1) K contains no points of the set C1 + C2 and (2) both C1 and C2 contain limit points of K. Then K, together with its limit points in C1 + C2, will be caUed a set K(C1,C2)M.
If M has the property that for every two of its mutually exclusive closed subsets Cl, C2 and every connected set N containing points of. both C1 and C2, there exists some set K(C1,C2)M which has a point in common with N, then M will be called normally connected.
That not every connected point set, nor, indeed, every continuum, is normally connected, is shown by the following example: Let M be the set of points on the curve y = sin l/x, O < x l/7r, together with the set of all points on the y-axis from -1 to + 1. Let C1 be the set of points which M has in common with the line y = 1, and C2 the set of all points on the y-axis from -1/2 to + 1/2.' Let N be the set of all points which M has in common with the curve y = sin l/x together with the origin. Then N contains points of both C1 and C2, but there is no set K(Cl,C2)M which has points in common with N.
It is the purpose of this paper to show that the property of being normally connected characterizes those continua which are continuous curves.1 THEORZM 1. A connected set which is connected im kleinen is also normally connected.
Proof.-Let M be a connected and connected im kleinen point set, C1 and C2 mutually exclusive closed subsets of M, and N a connected subset of M having points in common with both C1 and C2. For every point x of N let N(x) denote (1) in case x is not a point of the set C1 + C2, the set, F, of all points of M which lie with x in a connected subset of M that contains no point of C1 + C2, together with the set of all limit points of F in C1 + C2, (2) in case x is a point of C1 + C2, all sets K(C1,C2)M which cQntain x, or, if no such set exists, x itself.
In a paper not yet published, I have shown that if C1 and C2 are two closed mutually exclusive subsets of a connected, connected im kleinen point set M, there exists a set K(C1,C2)M. Hence, in case 1, there exists a set K(x, C1 + C2)M; i.e., F is not identical with x, and has at least one limit point in C1 + C2. If any F has limit points in both C1 and C2, it is, together with all such limit points, a set K(C1,C2)M.
Suppose that no N(x) is a set K(C1,C2)M. Divide N into two sets N1 and N2, such that N, (i = 1,2) contains all points x such that N(x) has at least one point in comnmon with C,. Since N is connected, the sets N1, N2 are not mutually separated.2 Hence N2, say, contains a limit point, t, of N1.
Suppose t is not a point of C1 + C2. As C1 + C2 is closed, there exists a circle R1 with center at t not enclosing any point of C1 + C2. As M is connected im kleinen, there exists a circie R2 concentric with R1 such that every point of M interior to. R2 lies with t in a connected subset of M which lies wholly interior to R1. As t is a limit point of N1, there is a point s of N1 interior to R2, and s and t lie in a connectesd subset, Q, of M, such that Q lies wholly interior to R1.. Then [N(s) -C1 X N(s) ] + Q is a connected subset of M that contains t and contains no point of C1 + C2. But this implies that Q is a subset of N(s) and that, therefore, t is a point of N1. Thus a contradiction results if t is not a point of C1 + C2.
Suppose t is a point of C1 + C2, and in particular of C2. Let T1 be a circle with center at t and enclosing no points of Cl. As M is connected im kleinen, there exists a circle T2 concentric with T1 such that all points of M interior to T2 lie with t in a connected subset R of M. As t is a limit point of N1, there exists at least one point, u, of N1 which lies interior to T2, and hence belongs to R. Let
N(u) + R' is a connected set. Hence either N(u) contains a limit point of R' or vice versa. Suppose N(u) contains a limit point, s, of R'. By taking a circle with center at s which encloses no points of C1 + C2 and applying the property of connectedness im kleinen of M at s, it can be shown that in this case at least one point of R' belongs to N(u), which is absurd. Thus N(u) cannot contain a limit point of R'. On the other hand, R' cannot contain any limit point of N(u) since such a point could not be a point of C2 and would therefore be a point of N(u). A contradiction of the fact that N(u) + R' is connected is therefore established, and the supposition that no N(x) is a set K(C1,C2)M is in any case contradictory.
MATHEMATICS: R. L. WILDER
THsOR"M 2. In order that a bounded continuum M should be a continuous curve, it is necessary and sufficient that it be normaUy connected.
Proof.-That the condition stated in the theorem is necessary is.a direct consequence of Theorem 1.
The condition stated in the theorem is sufficient. For, suppose M is not a continuous curve. Then there exist3 two concentric circles, K1
and K2, and a sequence of subcontinua of M.
MAlP M1, M2, M3 ........ such that (1) each of these sub-continua contains at least one point of K1 and K2, respectively, but no points exterior to K1 or interior to K2, (2) no two of these sub-continua have a point in common, and no two of them contain points of any connected subset of M which lies wholly in the set K1 + K2 + I (where I is the annular domain bounded by K1 and K2), (3) M,. is the sequential limiting set of the sequence M1, M2, M3, ...., (4) if H is that maximal subcontinuum of M containing M, and lying wholly in K1 + K2 + I, then all of the continua M1, M2, M3, ..., lie in a connected subset, Z, of M -H.
Let Ci denote the set of all points common to M and the set K1 + K2. Let the radii of K1 and K2 be R1 and R2, respectively. Let R3 and R, be numbers such that R, > R8 > R4 > R2, and let K3 and K4 be circles concentric with K1 with radii R3 and R4, respectively. Let the set of points [xl such that x is a point of K3, K4, or the annular domain bounded by K3 and K4 be denoted by D. Let C2 be the set of points common to H and D.
Clearly C1 and C2 are mutually exclusive closed sets. Let P be a point of C2 which is also a point of Ma,, and which lies in D -(K3 + K4). Let F denote the set Z + P. Then F is a connected set containing points of both C1 and C2. By the condition of the theorem there is a set J which is a set K(C1,C2)M and which has at least one point in common with F. I shall show that this is impossible.
Denote by J' the set of points obtained by adding to J its limit points. The point set J' is a subcontinuum of K1 + K2 + I, and as it contains points of C2, and hence of H, it must be a subset of H. As F -P is a subset of M -H, the point which F and J have in common must be P. The point P is, then, a limit point of the connected set J -J X C2, since J is a set K(C1,C2)M. Hence [J -J X C2] + P is a connected subset of H which contains P and at least one point (a point of C1) exterior to D. As all of the points of H in D are points of C2, J -J X C2 must then contain points of C2. This is absurd. Thus the supposition that M is not a continuous curve must be false, and the theorem is proved.
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1 A continuous curve is a bounded continuum which is connected im kleinen. A point set M is said to be connected im kleinen at a point P if for every circle R with center at P there exists a circle T such that all points of M interior to T lie in a connected subset of M which lies wholly interior to R. If M is connected im kleinen at every one of its points, then it is said to be connected im kleinen. See Hahn, H., Jahresber. D. Math. Ver., 23, 1914 (318-322) and Wien. Akad. Sitz., 123, Abt. IIa, 1914 (2433 -2489 . Also Mazurkiewicz, S., Fund. Math., 1, 1920 (166-209) . Also Nalli, P., Rend. Circ. Mat., Palermo, 32, 1911 (391-401) .
2Two sets M and N are mutually separated if they are mutually exclusive and neither contains a limit point of the other.
3See my paper "Concerning Continuous Curves," Fund. Math., 7, 1925 (340-377) . Also R. L. Moore, Bull. Amer. Math. Soc., 29, 1923 (289-302) , as well as footnote (2) 1. Apparatus.- Figure 1 gives a diagram of the connections. Here PP is the primary, with the electromotive force E (3 cells with 20 or more ohms resistance) and B the periodic break. The coaxial secondaries I and I' terminate in the clamps 1, 2, 3, 4, which when joined at 2, 3, produce a single secondary. Either coil may be used alone, the two joined in parallel, or even differentially, in the usual way. The parallel circuits are branched from the switch S, which admits of the reversal of the current in one of the telephones (T'). The two telephones T, T' are joined by the acoustic pipe tt with its salient and reentrant pinhole probes s, r, and the interferometer U-gauge lies beyond U. The four terminals of these high resistance telephones end on one side of the commutator K, already described.' By the aid of it, the external resistances and inductances R, L, R', L', may be inserted in either one telephone or the other by swivelling the bars of K as indicated by the dotted lines. Capacities are inserted at pleasure between clamps 2, 3, as at C. The phase haromonics of the pipe tt, were 'b", 'b' d', etc. 2. Long Range Graphs.-A large variety of experiments were made with this apparatus, of which a few typical examples are given in the curves, figures 2 to 13. The ordinates are the fringe displacements s, varying with the displacement of mercury level in the U-gauge, and therefore with the acoustic pressure or intensity of the node at the middle of the pipe tt, figure 1.
